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• Incompatible Mode elements QM6 Example
• B‐Bar method – Examples
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Different Finite Elements in Three Dimension

Tetra Wedge/ Penta Hex/ Brick Pyramid

4-node

10-node

6-node

15-node

8-node

20-node

5-node

13-node



Discretization in Three Dimension



1

3

2 4

5

7

6 8

Shape function

െ1,1 ൈ െ1,1 ൈ െ1,1



1 2

1

2

[1,1] [2,1]

[1,2] [2,2]

𝜙ଵ
ଶ௅ 𝜙ଶ

ଶ௅

𝜙ଵ
ଶ௅

𝜙ଶ
ଶ௅

𝜙௞
ସொ 𝜉 , 𝜂  ൌ 𝜙ሾூ,௃ሿ

ସொ 𝜉 , 𝜂

ൌ  𝜙ூ
ଶ௅ 𝜉 𝜙௃

ଶ௅ 𝜂

Recall: Shape function through tensor product

െ1 1

െ1

1



1

3

2 4

5

7

6 8

Shape function: 8-node hexahedral (or brick) element

െ1,1 ൈ െ1,1 ൈ െ1,1

𝜙௅
଼ு 𝜉 , 𝜂, 𝜁 ൌ 𝜙ሾூ,௃,௄ሿ

଼ு 𝜉 , 𝜂, 𝜁

ൌ  𝜙ூ
ଶ௅ 𝜉 𝜙௃

ଶ௅ 𝜂 𝜙௃
ଶ௅ 𝜁



1

2

1
2

1

2

1

3

2
4

5

7

6
8

𝜙௅
଼ு 𝜉 , 𝜂, 𝜁 ൌ 𝜙ሾூ,௃,௄ሿ

଼ு 𝜉 , 𝜂, 𝜁

ൌ  𝜙ூ
ଶ௅ 𝜉 𝜙௃

ଶ௅ 𝜂 𝜙௃
ଶ௅ 𝜁

െ1

1

െ1

1

െ1

1



1

2

1
2

1

2

1

3

2
4

5

7

6
8

𝜙ଵ
଼ு 𝜉 , 𝜂, 𝜁 ൌ 𝜙ଵ

ଶ௅ 𝜉 𝜙ଵ
ଶ௅ 𝜂 𝜙ଵ

ଶ௅ 𝜁

െ1

1

െ1

1

െ1

1

𝜙ଵ
ଶ௅ 𝜉 ൌ 1 െ 𝜉 2⁄

𝜙ଵ
ଶ௅ 𝜂 ൌ 1 െ 𝜂 2⁄

𝜙ଵ
ଶ௅ 𝜁 ൌ 1 െ 𝜁 2⁄

𝜙ଵ
଼ு 𝜉 , 𝜂, 𝜁 ൌ

1
8 1 െ 𝜉 1 െ 𝜂 1 െ 𝜁



1

2

1
2

1

2

1

3

2
4

5

7

6
8

𝜙ଶ
଼ு 𝜉 , 𝜂, 𝜁 ൌ 𝜙ଶ

ଶ௅ 𝜉 𝜙ଵ
ଶ௅ 𝜂 𝜙ଵ

ଶ௅ 𝜁

െ1

1

െ1

1

െ1

1

𝜙ଶ
ଶ௅ 𝜉 ൌ 1 ൅ 𝜉 2⁄

𝜙ଵ
ଶ௅ 𝜂 ൌ 1 െ 𝜂 2⁄

𝜙ଵ
ଶ௅ 𝜁 ൌ 1 െ 𝜁 2⁄

𝜙ଶ
଼ு 𝜉 , 𝜂, 𝜁 ൌ

1
8 1 ൅ 𝜉 1 െ 𝜂 1 െ 𝜁



1

3

2 4

5

7

6 8

െ1,1 ൈ െ1,1 ൈ െ1,1

𝜙ଵ
଼ு 𝜉 , 𝜂, 𝜁 ൌ 1 െ 𝜉 1 െ 𝜂 1 െ 𝜁 /8

𝜙ଶ
଼ு 𝜉 , 𝜂, 𝜁 ൌ 1 ൅ 𝜉 1 െ 𝜂 1 െ 𝜁 /8

𝜙௜
௘ 𝜉 , 𝜂 ൌ

1
8 1 ൅ 𝜉௜𝜉 1 ൅ 𝜂௜𝜂 1 ൅ 𝜁௜𝜁

𝜙ଷ
଼ு 𝜉 , 𝜂, 𝜁 ൌ 1 ൅ 𝜉 1 ൅ 𝜂 1 െ 𝜁 /8

𝜙ସ
଼ு 𝜉 , 𝜂, 𝜁 ൌ 1 െ 𝜉 1 ൅ 𝜂 1 െ 𝜁 /8

𝜙ହ
଼ு 𝜉 , 𝜂, 𝜁 ൌ 1 െ 𝜉 1 െ 𝜂 1 ൅ 𝜁 /8

𝜙଺
଼ு 𝜉 , 𝜂, 𝜁 ൌ 1 ൅ 𝜉 1 െ 𝜂 1 ൅ 𝜁 /8

𝜙଻
଼ு 𝜉 , 𝜂, 𝜁 ൌ 1 ൅ 𝜉 1 ൅ 𝜂 1 ൅ 𝜁 /8

𝜙଼
଼ு 𝜉 , 𝜂, 𝜁 ൌ 1 െ 𝜉 1 ൅ 𝜂 1 ൅ 𝜁 /8

Shape function: 8-node hexahedral (or brick) element



Shape function: 4-node tetrahedral element

2

3

4

1



𝜉ଵ ൌ 0

𝜉ଵ ൌ 1

1

2

3

𝐿2

𝜉ଶ ൌ 0

𝜉ଶ ൌ 1

𝜉ଷ ൌ 0

𝜉ଷ ൌ 1

𝐿1

𝐿3

𝜉ଵ ൌ 0

𝜉ଵ ൌ 1

1

2

3

𝜉ଶ ൌ 1

𝜉ଶ ൌ 0

𝜉ଷ ൌ 0

𝜉ଷ ൌ 1

4

5

6

𝜉ଶ ൌ
1
2

𝜉ଷ ൌ
1
2

𝜉ଵ ൌ
1
2

Recall: Area coordinate



𝜉ଵ ൌ 0

𝜉ଵ ൌ 1

1

2

3

𝜉ଶ ൌ 0

𝜉ଶ ൌ 1

𝜉ଷ ൌ 0

𝜉ଷ ൌ 1

2

3

4

1
𝜉ଵ ൌ 1

𝜉ଶ ൌ 1

𝜉ଷ ൌ 1

𝜉ସ ൌ 1

Shape function: 4-node tetrahedral element



2

3

4

1

𝜉ଶ ൌ 1

𝜉ସ ൌ 1

𝜉ଵ ൌ 1

2

3

4

1

𝜉ଶ ൌ 1

𝜉ସ ൌ 1

𝜉ଵ ൌ 1

𝜉ଷ ൌ 1

𝜉ଷ ൌ 1

2

3

4

1

𝜉ଶ ൌ 1

𝜉ସ ൌ 1

𝜉ଵ ൌ 1

2

3

4

1

𝜉ଶ ൌ 1

𝜉ସ ൌ 1

𝜉ଵ ൌ 1

𝜉ଷ ൌ 1

𝜉ଷ ൌ 1



2

3

4

1
𝜉ଵ ൌ 1

𝜉ଶ ൌ 1

𝜉ଷ ൌ 1

𝜉ସ ൌ 1

P

𝜉ଵ ൌ
volume of 𝑃234

Ω௘

𝜉ଶ ൌ
volume of 𝑃134

Ω௘
𝜉ଷ ൌ

volume of 𝑃124
Ω௘

𝜉ସ ൌ
volume of 𝑃123

Ω௘

Shape function: 4-node tetrahedral element

Similarly, 



2

3

4

1
𝜉ଵ ൌ 1

𝜉ଶ ൌ 1

𝜉ଷ ൌ 1

𝜉ସ ൌ 1

P

Shape function: 4-node tetrahedral element

𝜙ଵ
ସ் ൌ 𝜉ଵ

𝜙ଶ
ସ் ൌ 𝜉ଶ

𝜙ଷ
ସ் ൌ 𝜉ଷ

𝜙ସ
ସ் ൌ 1 െ 𝜉ଵ െ 𝜉ଶ െ 𝜉ଷ



𝜉ଵ ൌ 0

𝜉ଵ ൌ 1

1

2

3

𝜉ଶ ൌ 0

𝜉ଶ ൌ 1

𝜉ଷ ൌ 0

𝜉ଷ ൌ 1

Recall: Area coordinate

2

3

4

1
𝜉ଵ ൌ 1

𝜉ଶ ൌ 1

𝜉ଷ ൌ 1

𝜉ସ ൌ 1



𝜉ଵ ൌ 0

𝜉ଵ ൌ 1

1

2

3

𝜉ଶ ൌ 0

𝜉ଶ ൌ 1

𝜉ଷ ൌ 0

𝜉ଷ ൌ 1

Recall: Area coordinate

2

3

4

1
𝜉ଵ ൌ 1

𝜉ଶ ൌ 1

𝜉ଷ ൌ 1

𝜉ସ ൌ 1



Recall: Area coordinate

2

3

4

1
𝜉ଵ ൌ 1

𝜉ଶ ൌ 1

𝜉ଷ ൌ 1

𝜉ସ ൌ 1



Shape function: 4-node tetrahedral element





1 2

3

4

56

Physical 
Element

𝑦

𝑥

Parent
Element

𝜉ଵ

𝜉ଶ

1 2

3

1,0

0,1

𝜉ଵ

𝜉ଶ

1 2

3

4

56

𝜉ଵ

𝜉ଶ

1 2

3

4 5

6

78

9

1

2

3

𝑥௘ ൌ ෍ 𝜙௜ 𝜉, 𝜂 𝑥௜
௘

௡

௜ୀଵ

𝑦௘ ൌ ෍ 𝜙௜ 𝜉, 𝜂 𝑦௜
௘

௡

௜ୀଵ

1
2

3

4 5

6

7
8

9



Physical 
Element

Parent
Element

𝑥௘ ൌ ෍ 𝜙௜ 𝜉, 𝜂, 𝜁 𝑥௜
௘

௡

௜ୀଵ

𝑦௘ ൌ ෍ 𝜙௜ 𝜉, 𝜂, 𝜁 𝑦௜
௘

௡

௜ୀଵ

𝑧௘ ൌ ෍ 𝜙௜ 𝜉, 𝜂, 𝜁 𝑧௜
௘

௡

௜ୀଵ



Uniqueness

𝑦
𝑥

Physical 
Element

𝜉
𝜂

െ1, െ1

1, െ1െ1,1

1,1

Parent
Element

𝜉, 𝜂

𝑥𝑒, 𝑦𝑒



1 2

3
4

5

6

7

8

1 2

34

5

6
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1
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4
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6

7
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Uniqueness



Iso-parametric, Super-parametric and Sub-parametric



Iso-parametric, Super-parametric and Sub-parametric

Iso-parametric Super-parametric Sub-parametric

Nodes for approximating geometry

Nodes for approximating field variables



1

3

2 4

5

7

6 8

𝜙௅
଼ு 𝜉 , 𝜂, 𝜁 ൌ 𝜙ሾூ,௃,௄ሿ

଼ு 𝜉 , 𝜂, 𝜁

ൌ  𝜙ூ
ଶ௅ 𝜉 𝜙௃

ଶ௅ 𝜂 𝜙௃
ଶ௅ 𝜁



෍ න
𝜕𝜙௜

௘

𝜕𝑥 𝑘
𝜕𝜙௝

௘

𝜕𝑥 ൅
𝜕𝜙௜

௘

𝜕𝑦 𝑘
𝜕𝜙௝

௘

𝜕𝑦 𝑑𝑥𝑑𝑦
ஐ೐

𝑢௝
௘

௡

௝ୀଵ

ൌ න 𝑓𝜙௜
௘𝑑𝑥𝑑𝑦

ஐ೐
൅ ර 𝜙௜

௘𝑞௡
୻೐

𝑑𝑠

𝐾௘ 𝑢௘ ൌ 𝑓௘ ൅ 𝑄௘

𝐾௘ ൌ න 𝐁௘୘𝐂𝐁௘𝑑𝑥𝑑𝑦
ஐ೐

𝐁௘ ൌ

𝜕𝜙ଵ
௘

𝜕𝑥
𝜕𝜙ଶ

௘

𝜕𝑥 ⋯
𝜕𝜙௡

௘

𝜕𝑥
𝜕𝜙ଵ

௘

𝜕𝑦
𝜕𝜙ଶ

௘

𝜕𝑦 ⋯
𝜕𝜙௡

௘

𝜕𝑦

𝐂 ൌ 𝑘 0
0 𝑘

Recall: Poisson equation

n = number of nodes
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Finite Element Method
Week 12: Finite element in 3D

Lecture 59: Iso‐parametric Formulation and Guass Quadrature



Parametric domain 
[-1,1]  [-1,1]  [-1,1] 

𝜉, 𝜂, 𝜁 natural 
coordinate

Iso-parametric 
formulation 

Physical domain



𝑢 𝑥௘, 𝑦௘ ൌ ෍ 𝜙௜
௘𝑢௜

௘
௡

௜ୀଵ

𝑥௘ ൌ ෍ 𝜙௜ 𝜉, 𝜂, 𝜁 𝑥௜
௘

௡

௜ୀଵ

𝑦௘ ൌ ෍ 𝜙௜ 𝜉, 𝜂, 𝜁 𝑦௜
௘

௡

௜ୀଵ

𝑧௘ ൌ ෍ 𝜙௜ 𝜉, 𝜂, 𝜁 𝑧௜
௘

௡

௜ୀଵ

Iso-parametric Formulation

J ൌ

𝜕𝑥
𝜕𝜉

𝜕𝑦
𝜕𝜉

𝜕𝑧
𝜕𝜉

𝜕𝑥
𝜕𝜂

𝜕𝑦
𝜕𝜂

𝜕𝑧
𝜕𝜂

𝜕𝑥
𝜕𝜁

𝜕𝑦
𝜕𝜁

𝜕𝑧
𝜕𝜁

J ൌ

෍
𝜕𝜙௜
𝜕𝜉 𝑥௜

௘
଼

௜ୀଵ

෍
𝜕𝜙௜
𝜕𝜉 𝑦௜

௘
଼

௜ୀଵ

෍
𝜕𝜙௜
𝜕𝜉 𝑧௜

௘
଼

௜ୀଵ

෍
𝜕𝜙௜
𝜕𝜂 𝑥௜

௘
଼

௜ୀଵ

෍
𝜕𝜙௜
𝜕𝜂 𝑦௜

௘
଼

௜ୀଵ

෍
𝜕𝜙௜
𝜕𝜂 𝑧௜

௘
଼

௜ୀଵ

෍
𝜕𝜙௜
𝜕𝜁 𝑥௜

௘
଼

௜ୀଵ

෍
𝜕𝜙௜
𝜕𝜁 𝑦௜

௘
଼

௜ୀଵ

෍
𝜕𝜙௜
𝜕𝜁 𝑧௜

௘
଼

௜ୀଵ



𝐼 ൌ න 𝑓 𝑥, 𝑦 𝑑Ω
ஐ೐

⇒ 𝐼 ൌ න  න J 𝜉, 𝜂 𝑓 𝜉, 𝜂 𝑑𝜉𝑑𝜂
ଵ

కୀିଵ

ଵ

ఎୀିଵ

⇒ 𝐼 ൌ ෍ ෍ 𝑊௜𝑊௝ J 𝜉௜, 𝜂௝ 𝑓 𝜉௜, 𝜂௝

௡೒೛

௝ୀଵ

௡೒೛

௜ୀଵ

Recall: Integration (Gaussian Quadrature) Over Quadrilateral Domain

𝑦

𝑥

Physical 
Element

ngp = 1 ngp = 2
െ1,1 ൈ െ1,1 െ1,1 ൈ െ1,1

ngp = 3 ngp = 4
െ1,1 ൈ െ1,1 െ1,1 ൈ െ1,1

𝜉

𝜂

𝜉

𝜂

𝜉

𝜂

𝜉

𝜂

Ωୣ



𝐼 ൌ න 𝑓 𝑥, 𝑦, 𝑧 𝑑Ω
ஐ೐

⇒ 𝐼 ൌ න  න න J 𝜉, 𝜂, 𝜁 𝑓 𝜉, 𝜂, 𝜁 𝑑𝜉𝑑𝜂𝑑𝜁
ଵ

఍ୀିଵ

ଵ

ఎୀିଵ

ଵ

కୀିଵ

⇒ 𝐼 ൌ ෍ ෍ ෍ 𝑊௜𝑊௝𝑊௞ J 𝜉௜, 𝜂௝, 𝜁௞ 𝑓 𝜉௜, 𝜂௝, 𝜁௞

௡೒೛

௞ୀଵ

௡೒೛

௝ୀଵ

௡೒೛

௜ୀଵ

Gaussian Quadrature Over Hexahedral (Brick) Domain

[-1,1]  [-1,1]  [-1,1] 

𝜉௜, 𝜂௝, 𝜁௞ 𝑊௜, 𝑊௝, 𝑊௞𝑛

ngp = 2



௜ J ଵ೔ ଶ೔ ଵ೔ ଶ೔

௡

௜ୀଵ

Recall: Integration Over Triangular Domain

𝑛
Integration 
order 𝑊௜𝜉ଵ೔ 𝜉ଶ೔

𝜉ଵ

𝜉ଶ

𝜉ଵ

𝜉ଶ

1 2

3

1 2

3

4

56 7



௜ J ଵ೔ ଶ೔ ଷ೔ ଵ೔ ଶ೔ ଷ೔

௡

௜ୀଵ

Integration Tetrahedral Element

𝑛

𝜉ଵ

𝜉ଶ

𝜉ଷ

𝜉ସ ൌ 1 1

2

3

4

𝜉ଵ ൌ 1

𝜉ଶ ൌ 1𝜉ଷ ൌ 1

Integration 
order 𝑊௜𝜉ଵ೔ 𝜉ଶ೔ 𝜉ଷ೔



෍ න
𝜕𝜙௜

௘

𝜕𝑥 𝑘
𝜕𝜙௝

௘

𝜕𝑥 ൅
𝜕𝜙௜

௘

𝜕𝑦 𝑘
𝜕𝜙௝

௘

𝜕𝑦 𝑑𝑥𝑑𝑦
ஐ೐

𝑢௝
௘

௡

௝ୀଵ

ൌ න 𝑓𝜙௜
௘𝑑𝑥𝑑𝑦

ஐ೐
൅ ර 𝜙௜

௘𝑞௡
୻೐

𝑑𝑠

Specific case (a11 = a22 = k,  a00 = a12 = a21= 0 ): Poisson equation

𝐾௘ 𝑢௘ ൌ 𝑓௘ ൅ 𝑄௘

𝐾௘ ൌ න 𝐁௘୘𝐂𝐁௘𝑑𝑥𝑑𝑦
ஐ೐

𝐁௘ ൌ

𝜕𝜙ଵ
௘

𝜕𝑥
𝜕𝜙ଶ

௘

𝜕𝑥 ⋯
𝜕𝜙௡

௘

𝜕𝑥
𝜕𝜙ଵ

௘

𝜕𝑦
𝜕𝜙ଶ

௘

𝜕𝑦 ⋯
𝜕𝜙௡

௘

𝜕𝑦

𝐂 ൌ 𝑘 0
0 𝑘

Recall: Poisson’s Equation in 2D

n = number of nodes

𝜵 · 𝑘𝜵𝑢 ൌ െ𝑓

𝑄௘ ൌ ර 𝜙௜
௘𝑞௡

௘

୻೐
𝑑𝑠𝑓௘ ൌ න 𝑓௘𝜙௜

௘𝑑𝑥𝑑𝑦
ஐ೐



𝐾௘ 𝑢௘ ൌ 𝑓௘ ൅ 𝑄௘

𝐂 ൌ
𝑘 0 0
0 𝑘 0
0 0 𝑘

𝑢௘ ൌ

𝑢ଵ
௘

𝑢ଶ
௘

𝑢ଷ
௘

𝑢ସ
௘

𝑓௘ ൌ

𝑓ଵ
௘

𝑓ଶ
௘

𝑓ଷ
௘

𝑓ସ
௘

𝑄௘ ൌ

𝑄ଵ
௘

𝑄ଶ
௘

𝑄ଷ
௘

𝑄ସ
௘

𝐾௘ ൌ න 𝐁௘୘𝐂𝐁௘𝑑𝑥𝑑𝑦𝑑𝑧
ஐ೐

𝐁௘ ൌ

𝜕𝜙ଵ
௘

𝜕𝑥
𝜕𝜙ଶ

௘

𝜕𝑥
𝜕𝜙ଷ

௘

𝜕𝑥
𝜕𝜙ସ

௘

𝜕𝑥
𝜕𝜙ଵ

௘

𝜕𝑦
𝜕𝜙ଶ

௘

𝜕𝑦
𝜕𝜙ଷ

௘

𝜕𝑦
𝜕𝜙ସ

௘

𝜕𝑦
𝜕𝜙ଵ

௘

𝜕𝑧
𝜕𝜙ଶ

௘

𝜕𝑧
𝜕𝜙ଷ

௘

𝜕𝑧
𝜕𝜙ସ

௘

𝜕𝑧

𝜵 · 𝑘𝜵𝑢 ൌ െ𝑓

Element Formulation: Poisson’s Equation

𝑄௘ ൌ ර 𝜙௜
௘𝑞௡

௘

୻೐
𝑑𝑠

𝑓௘ ൌ න 𝑓௘𝜙௜
௘𝑑𝑥𝑑𝑦𝑑𝑧

ஐ೐

2

3

4

1



𝐾௘ 𝑢௘ ൌ 𝑓௘ ൅ 𝑄௘

𝐂 ൌ
𝑘 0 0
0 𝑘 0
0 0 𝑘

𝑢௘ ൌ

𝑢ଵ
௘

𝑢ଶ
௘

⋮
𝑢଼

௘

𝑓௘ ൌ

𝑓ଵ
௘

𝑓ଶ
௘

⋮
𝑓௘

𝑄௘ ൌ

𝑄ଵ
௘

𝑄ଶ
௘

⋮
𝑄଼

௘

𝐾௘ ൌ න 𝐁௘୘𝐂𝐁௘𝑑𝑥𝑑𝑦𝑑𝑧
ஐ೐

𝐁௘ ൌ

𝜕𝜙ଵ
௘

𝜕𝑥
𝜕𝜙ଶ

௘

𝜕𝑥 ⋯
𝜕𝜙଼

௘

𝜕𝑥
𝜕𝜙ଵ

௘

𝜕𝑦
𝜕𝜙ଶ

௘

𝜕𝑦 ⋯
𝜕𝜙଼

௘

𝜕𝑦
𝜕𝜙ଵ

௘

𝜕𝑧
𝜕𝜙ଶ

௘

𝜕𝑧 ⋯
𝜕𝜙଼

௘

𝜕𝑧

𝜵 · 𝑘𝜵𝑢 ൌ െ𝑓

Element Formulation: Poisson’s Equation

𝑄௘ ൌ ර 𝜙௜
௘𝑞௡

௘

୻೐
𝑑𝑠

𝑓௘ ൌ න 𝑓௘𝜙௜
௘𝑑𝑥𝑑𝑦𝑑𝑧

ஐ೐
1 2

34

5 6
78



𝜕
𝜕𝑥
𝜕

𝜕𝑦
𝜕

𝜕𝑧

ൌ J ିଵ

𝜕
𝜕𝜉
𝜕

𝜕𝜂
𝜕

𝜕𝜁

Element Formulation: Poisson’s Equation

𝐾௘ ൌ 𝑘 ෍ ෍ ෍ 𝑊௜𝑊௝𝑊௞ J 𝜉௜, 𝜂௝, 𝜁௝ 𝐁௘୘ሺ𝜉௜, 𝜂௝, 𝜁௝ሻ 𝐁௘ሺ𝜉௜, 𝜂௝, 𝜁௝ሻ
௡೒೛

௞ୀଵ

௡೒೛

௝ୀଵ

௡೒೛

௜ୀଵ

𝐁௘ሺ𝜉, 𝜂ሻ ൌ J ିଵ

𝜕𝜙ଵ
௘

𝜕𝑥
𝜕𝜙ଶ

௘

𝜕𝑥 ⋯
𝜕𝜙଼

௘

𝜕𝑥
𝜕𝜙ଵ

௘

𝜕𝑦
𝜕𝜙ଶ

௘

𝜕𝑦 ⋯
𝜕𝜙଼

௘

𝜕𝑦
𝜕𝜙ଵ

௘

𝜕𝑧
𝜕𝜙ଶ

௘

𝜕𝑧 ⋯
𝜕𝜙଼

௘

𝜕𝑧

𝐁௘ሺ𝑥, 𝑦, 𝑧ሻ ൌ

𝜕𝜙ଵ
௘

𝜕𝑥
𝜕𝜙ଶ

௘

𝜕𝑥 ⋯
𝜕𝜙଼

௘

𝜕𝑥
𝜕𝜙ଵ

௘

𝜕𝑦
𝜕𝜙ଶ

௘

𝜕𝑦 ⋯
𝜕𝜙଼

௘

𝜕𝑦
𝜕𝜙ଵ

௘

𝜕𝑧
𝜕𝜙ଶ

௘

𝜕𝑧 ⋯
𝜕𝜙଼

௘

𝜕𝑧

𝐾௘ ൌ න 𝐁௘୘𝐂𝐁௘𝑑𝑥𝑑𝑦𝑑𝑧
ஐ೐
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Finite Element Method
Week 12: Finite element in 3D

Lecture 60: Closure



Recall: Plane Elasticity and Element Equation

𝐾௘ 𝑢௘ ൌ 𝑓௘ ൅ 𝑄௘ 𝐾௘ ൌ න 𝑡௘𝐁௘୘𝐂𝐁௘𝑑𝑥𝑑𝑦
ஐ೐

𝐁௘ 𝑥, 𝑦 ൌ

𝜕𝜙ଵ௘

𝜕𝑥 0
𝜕𝜙ଶ௘

𝜕𝑥 0 ⋯
𝜕𝜙௡௘

𝜕𝑥 0

0
𝜕𝜙ଵ௘

𝜕𝑦 0
𝜕𝜙ଶ௘

𝜕𝑦 ⋯ 0
𝜕𝜙௡௘

𝜕𝑦
𝜕𝜙ଵ௘

𝜕𝑦
𝜕𝜙ଵ௘

𝜕𝑥
𝜕𝜙ଶ௘

𝜕𝑦
𝜕𝜙ଶ௘

𝜕𝑥 ⋯
𝜕𝜙௡௘

𝜕𝑦
𝜕𝜙௡௘

𝜕𝑥

𝐂 ൌ
𝐸

1 െ 𝜈ଶ
1 𝜈 0
𝜈 1 0
0 0 1 െ 𝜈 2⁄

𝐂 ൌ
𝐸

1 ൅ 𝜈 1 െ 2𝜈

1 െ 𝜈 𝜈 0
𝜈 1 െ 𝜈 0
0 0 1 െ 2𝜈 2⁄

𝑓௘ ൌ න 𝑡௘

𝜙ଵ௘ 0
0 𝜙ଵ௘

𝜙ଶ௘ 0
0 𝜙ଶ௘
⋮ ⋮
𝜙௡௘ 0
0 𝜙௡௘

𝑓௫௘
𝑓௬௘

𝑑𝑥𝑑𝑦
ஐ೐

𝑄௘ ൌ න 𝑡௘

𝜙ଵ௘ 0
0 𝜙ଵ௘

𝜙ଶ௘ 0
0 𝜙ଶ௘
⋮ ⋮
𝜙௡௘ 0
0 𝜙௡௘

𝑇௫௘
𝑇௫௘

𝑑𝑠
୻೐

Plane Stress

Plane Strain







𝐾௘ ൌ න 𝑡௘𝐁௘୘𝐂𝐁௘𝑑𝑥𝑑𝑦
ஐ೐

𝐁௘ 𝑥, 𝑦 ൌ

𝜕𝜙ଵ௘

𝜕𝑥 0 0

0
𝜕𝜙ଵ௘

𝜕𝑦 0

0 0
𝜕𝜙ଵ௘

𝜕𝑧
𝜕𝜙ଵ௘

𝜕𝑦
𝜕𝜙ଵ௘

𝜕𝑥 0

0
𝜕𝜙ଵ௘

𝜕𝑧
𝜕𝜙ଵ௘

𝜕𝑦
𝜕𝜙ଵ௘

𝜕𝑧 0
𝜕𝜙ଵ௘

𝜕𝑥




